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Abstract 

We first calculate the mean photon number and quadrature variance of superposed coherent 
and squeezed light, following a procedure of analysis based on combining the Hamiltonians 
and using the usual definition for the quadrature variance of superposed light beams. This 
procedure of analysis leads to physically unjustifiable mean photon number of the coherent light 
and quadrature variance of the superposed light. We then determine both of these properties 
employing a procedure of analysis based on superposing the Q functions and applying a slightly 
modified definition for the quadrature variance of a pair of superposed light beams. We find 
the expected mean photon number of the coherent light and the quadrature variance of the 
superposed light. Moreover, the quadrature squeezing of the superposed output light turns out 
to be equal to that of the superposed cavity light. 
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1. Introduction 



It has been established that a one-mode sub- 
harmonic generator produces light with a max- 
imum quadrature squeezing of 50% below the 
coherent-state level [1-4]. In addition, some 
authors [5-7] have studied the statistical and 
squeezing properties of superposed coherent and 
squeezed light, produced by harmonic and sub- 
harmonic generations in the same cavity. These 
authors have carried out their analysis by com- 
bining the pertinent Hamiltonians and apply- 
ing the usual definition for quadrature variance. 
But such procedure leads to physically unjusti- 
fiable mean photon number of the coherent light 
and quadrature variance of the superposed co- 
herent and squeezed light. 

In order to see clearly the problems connected 



with the mean photon number of the coherent 
light and quadrature variance of the superposed 
coherent and squeezed light, we undertake a 
procedure of analysis based on combining the 
Hamiltonians and using the usual definition for 
the quadrature variance of the superposed light. 
From the results of our analysis, we discover 
that the presence of the squeezed light has some 
effect on the mean photon number of the coher- 
ent light. This must certainly be due to the 
procedure of analysis we have employed. More- 
over, we find that the quadrature variance of 
the superposed coherent and squeezed light is 
equal to that of the squeezed light only. In other 
words, the coherent light has no contribution to 
the quadrature variance of the superposed light. 
The origin of this problem must be the use of 
the usual definition for the quadrature variance 
of the superposed light. 
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In order to avoid the aforementioned prob- 
lems, we calculate the mean photon number and 
quadrature variance of the superposed coher- 
ent and squeezed light, applying a procedure of 
analysis based on superposing the Q functions 
and slightly modifying the usual definition for 
the quadrature variance of the superposed light. 
We also determine the quadrature squeezing of 
the superposed cavity and output light. 



2. The Hamiltonian combining 
procedure 

2.1 The mean photon number 

We seek to obtain the mean photon number 
and quadrature variance of superposed coher- 
ent and squeezed light, produced by harmonic 
and subharmonic generations, in a cavity cou- 
pled to a vacuum reservoir via a single-port mir- 
ror. We consider the case in which the coherent 
and squeezed light beams have the same fre- 
quency. The process of harmonic generation is 
described by the Hamiltonian 



H c = iei(a 



At 



1 



where E\ is proportional to the amplitude of the 
coherent light driving the cavity mode. And the 
process of subharmonic generation is described 
by the Hamiltonian 



IE 2 



(a 2 



at 2 ) 



with e 2 being proportional to the amplitude of 
the coherent light pumping the nonlinear crys- 
tal. The analysis of the superposed coherent 
and squeezed light is usually carried out em- 
ploying the Hamiltonian [5-7] 



IE 2 



H = i£i(a.T — a) H (a 



(3) 



which is the sum of the Hamiltonians given by 
Eqs. © and ©. 

We will calculate the expectation values of only 
normally-ordered operators pertaining to a cav- 
ity mode coupled to a vacuum reservoir. We 



then note that the noise operator associated 
with the vacuum reservoir has no effect on the 
dynamics of the cavity mode operators. Hence 
upon dropping this noise operator, the quan- 
tum Langevin equation for the operator a can 
be written as 

d -^ = - l -Ka(t)-i[a(t),Hl (4) 

where k is the cavity damping constant. There- 
fore, on account of and ([3]), we have 



da(t) 1 



dt 2 
Now applying the relation 



KO,(t) — £ 2 Cb\t) +£l. (5) 



/ da(t) 



dd(t) \ 



along with Eq. ([5]), we get 



d_ 

di 



(a(t)a(t)) = -K(d 2 (t)) - 2e 2 (a T (t)a(t)) 



+2e 1 (a(t)) -e 2 . 
Moreover, using the relation 



(6) 



(7) 



|<^>«(^ W ) + (at(*)^) 



together with Eq. ([5]), we find 

d 



(8) 



dt 



{a\t)a(t)) = -K{d\t)d{t)) - e 2 {d 2 (t)) 



-£ 2 (a t2 (t)> +ei(6(t)) 
+ei(tf(t)). (9) 

The steady-state solutions of Eqs. (JT]) and Q 
have the form 



(a 2 ) = —b(d)d) + a(d) 



(10) 



^d) = - b -(d 2 )- b -(d^ + ^(d) + ^), (11) 
where 

and 



a = 2e\/ n 



(12) 



b = 2e 2 /K. (13) 

In addition, the steady-state solution of the ex- 
pectation value of Eq. ([5]) turns out to be 

(a) = -b{at) + a. (14) 
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We also note that 



2.2 Quadrature variance 



(a)) = -6(a) + a. 



(15) 



Upon adding and subtracting Eq. (fT5j) to and 
from Eq. (|14p . we arrive at 



<a>±<at) 



It then follows that 



(6) = (fit) 



a±a 
1 + 6' 



6+1 



(16) 



(17) 



Furthermore, with the aid of (JTTJ) , Eqs. (fTUl) 
and (HID can be rewritten as 



(a 2 ) = -6(0+0) + 



2a 2 - 6(1 + 6) 
2(1 + 6) ' 



(ota) = -6(a 2 > + 



1 + 6 



(18) 



(19) 



Following the same procedure as the one lead- 
ing to the result given by (|17p . we obtain from 
Eqs. CED and fl2J that 



(a 2 ) = ~ '. TTo + 



and 



(o+o) 



(1 + 6) 2 2(6 2 -l) 

a 2 6 2 
+ 



(1 + 6) 2 2(1 - 6 2 )' 
Now on account of (fT2|) and (fl"3j) . we see that 



(20) 
(21) 



(0+0) 



4 £ ? 2e 2 



( K + 2e 2 ) 2 K 2 -4e 2 ' 



(22) 



Evidently the second term in Eq. (J22J) is the 
mean photon number of the squeezed light. 
However, the first term does not represent the 
mean photon number of the coherent light. The 
mean photon number of the coherent light is 
just the first term with £2 = 0. We clearly see 
that the presence of the squeezed light has some 
effect on the mean photon number of the coher- 
ent light. There cannot be any physically valid 
justification for this effect. The origin of the 
problem connected with the first term in Eq. 
([22]) must certainly be the procedure of analy- 
sis we used, which is based on combining the 
Hamiltonians. 



We next wish to calculate the quadrature vari- 
ance for the superposed coherent and squeezed 
light. The variance of the quadrature operators 



a + = + a 



(23) 



and 



a_ = »(fit _ a), (24) 

for the superposed light, is usually defined by 

(Aa±) 2 = l + (:a±,a ± :). (25) 

This can be put in the form 

(Aa±) 2 = l + 2(a t a)±(a 2 )±(a t2 > 

T(a) 2 T(a f ) 2 -2(at)(d). (26) 



Now employing Eqs. (jl7) . (120)1 . and ([21)1 . one 
can readily verify that 

b 



(Aa±y = It 



1+6 



and in view of (1131). we have 



(Aa±) 2 = lT- 



2e 2 



(27) 



(28) 



n±2e 2 

This is just the quadrature variance of the 
squeezed light alone [4]. Contrary to our ex- 
pectation, the coherent light has no contribu- 
tion to the quadrature variance of the super- 
posed light. We maintain standpoint that the 
problems connected with the first term in Eq. 
(I22p and the quadrature variance described by 
Eq. (f28j) could be resolved by carrying out the 
pertinent analysis based on superposing the Q 
functions, instead of combining the Hamiltoni- 
ans, and by slightly modifying the usual defini- 
tion for the quadrature variance of superposed 
light beams. 



3. The Q function superposing 
procedure 

3.1 The Q function 

In this section we first calculate the Q func- 
tions for the coherent and squeezed light beams. 
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Then using these results, we determine the 
Q function for the superposed coherent and 
squeezed light. 

3.1.1 The coherent light Q function 

We now seek to obtain the Q function for the co- 
herent light produced by harmonic generation. 
To this end, upon setting £2=0 in Eq. we 
have 

dd(t) 1 



dt 



-~Ka(t) + e\. 



(29) 



The solution of this equation can be written as 
a(t) = a(l-e- Kt / 2 ) + a'(t), (30) 

where 

a'(t) = d(0)e- Kt/2 (31) 
and a is given by (I12p . Then we easily get 

(32) 



da'it) 1 . . , 

-ir = -2 K " (t) 



and with the coherent light considered to be ini- 
tially in a vacuum state, we see that 



{a' it)) = 0. 



(33) 



The Q function for a single-mode light can be 
expressed as 

1 

in which 



Q(a*,a,t) = I d 2 z(t) a (z,t)e z ~ a - za \ (34) 



cj) a (z,t) = (e-** a (*) e * at W) 



(35) 



is the antinormally-ordered characteristic func- 
tion. With the aid of the identity 



e A e B = e A + B +\ A > B \ 



(36) 



Eq. (|35p can be put in the form 

<j) a {z, t) = e -**V2 (e*a f (*)-**&(*)). (37) 



Now on substituting (l30j) into Eq. (I37j) and 
observing that the operator a'(t) is a Gaussian 
variable with a vanishing mean, we have 



b a (z,t) = exp[-z*z + a(z - z*)(l - e~ Kt/2 ) 
+ 1 -z 2 (d' 2 (t))+ 1 -z* 2 (d'V(t)) 
-z*z{a^{t)a!{t))}. (38) 



Furthermore, applying Eq, (|3ip and considering 
the coherent light to be initially in a vacuum 
state, one easily gets 



(a w (i)) = (a' T (t)a'(t)) = 0. (39) 

Therefore, in view of this result, Eq. (|38|) takes 
at steady state the form 

4> a (z) = exp[-z*z + a(z - z*)]. (40) 



Finally, upon introducing (j40|) into Eq. (p4j) and 
carrying out the integration, the coherent light 
Q function is found to be 

Q(a*,a) = — exp[— a*a + a(a + a*) — a 2 ]. (41) 

7T 



3.1.2 The squeezed light Q function 

We next proceed to determine the Q function 
for the squeezed light produced by subharmonic 
generation. Thus upon setting e\ = in Eqs. 
©, ([U]), and d2TJ, we have 

^ = -i«a(t)- e2 at(t )) (42) 



and 



(a 2 ) 



2(b 2 -l) , 
b 2 



(43) 



(44) 



2(1 - 6 2 )" 

Using Eq. (|42p and assuming the squeezed light 
to be initially in a vacuum state, one can read- 
ily verify that (a(t)) = 0. Now on realizing that 
the operator a(t) is a Gaussian variable with a 
vanishing mean and taking into account (|43p to- 
gether with (|34"|) . Eq. ([37|) can be put at steady 
state in the form 

(j) a (z) = exp[-aiz*z + a 2 (z 2 + z* 2 )/2], (45) 

in which 



a x = 1 + 



«2 



2(1 - 6 2 )' 
b 



2(b 2 - 1)' 



(46) 
(47) 
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Hence introducing ([55]) into Eq. ([M]) and car- 
rying out the integration, the squeezed light Q 
function is found to be 



* \ i 1 * 2 ~ v2 ] 2 r * 

Q(a ,a) = exp[—ua a 

TT 

+v(a 2 + a* 2 )/2], (48) 
1 - b 2 /2 



where 



and 



u 



l-b 2 /4 

6/2 
~l-6 2 /4' 



(49) 
(50) 



3.1.3 The superposed light Q function 

We finally seek to calculate the Q function for 
the superposed coherent and squeezed light. 
This Q function is expressible as [8] 

Q(a*,a) = ~ J d 2 f3d 2 ^Q c (f3*,a - 7) 

xQ s (7> - /3)exp(-a*a - (3* (3 
-7*7 + a* (3 + a/3* + 0*7 + 07* 
-Fl-P-f), (51) 

where Q c (/3*,a — 7) and Q s {^*,a — j3) represent 
the Q functions for the coherent and squeezed 
light beams. With the aid of (j4TJ and ([4~8]) . one 
can put Eq. (1511) in the form 



Q(a*,a) 



[v 2 -V 2 ] 2 I A 2 aA 2 

g / a pa 7exp[— a a 



7T' 



-13*13 - 7*7 + [a* + (« - 1)7* 

-va}/3 + a/3* + (a* - 0)7 

+(1 — u)a:7* + aa — a 2 

+w(a 2 + /3 2 + 7* 2 )/2], (52) 

so that on carrying out the integration, we read- 
ily arrive at 



Q(a* , a) = — exp[— ua*a + v(a 2 + a* 2 )/2 



TT 



+a(u — v )(a + a*)], 



(53) 



in which 



A = [u 2 - v 2 ] 2 exp[a (v - u)]. (54) 



3.2 The mean photon number 

We now proceed to calculate the mean pho- 
ton number of the superposed coherent and 
squeezed light. We recall that the expectation 
value of an operator function A{a) , a) can be 
written as 

(A) = J d 2 aQ(a*,a)A a (a*,a), (55) 

where A a (a*,a) is the c- number function cor- 
responding to A(a^,a) in the antinormal order. 
Now applying ([53]) , one can put Eq. ([55]) in the 
form 



,4 



TT 



{A) = — I ad 2 exp[-ua*a + v(a 2 + a* 2 )/2 



+a(u — v)(a + a*)]A a (a* ,a). (56) 

Now using the fact that A a = a*a — l, the mean 
photon number can be written as 

A f 

(d^d) = — / d 2 aexp[— ua*a + v(a 2 + a* 2 )/2 

J 

+a(u — v){ot + a*)]a*ot — 1, (57) 

so that on carrying out the integration, there 
follows 



(a) a) = a 2 + 



b 2 



2(1 -b 2 )' 

Finally, in view of (I12|) and ([13ft . we see that 



(58) 



k 2 k 2 — 4e, 



(59) 



As expected this is the sum of the mean pho- 
ton number of the coherent light and that of the 
squeezed light. 

We next wish to calculate the mean photon 
number of the output light. The output mode 
operator d ou t can be written in terms of the cav- 
ity mode operator a and the input mode oper- 
ator di n as 



d ut — s/ko, — di 



(60) 



where k is the cavity damping constant. When 
calculating the expectation values of only 
normally-ordered output operators, with the 
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cavity mode coupled to a vacuum reservoir, one 
can use the relation 



^out 



\fna. 



(61) 



Then the mean photon number of the output 
light, defined by 

n out = (a^t-ciout}, (62) 

is expressible as 

n out = K(aJa). (63) 

We then see that the mean photon number of 
the output light is just k times that of the cavity 
light. 

3.3 Quadrature squeezing 

We finally discus the quadrature squeezing of 
the superposed coherent and squeezed light. We 
define the variance of the quadrature operators 



a + = a) + a 

and 

a_ = i(a' — a), 
for a pair of superposed light beams, by 

(Aa±) 2 = 2 + (: a±,a± :). 

This can be rewritten as 



(64) 
(65) 

(66) 



(Aa±) 2 = 2 + 2(a t a)±(a 2 )±(a t2 ) 

T(a) 2 T(a t ) 2 -2(at)(a). (67) 

We next proceed to determine the expectation 
value of the operator a 2 . This expectation value 
can be written employing (|53p as 



(a 2 ) = — / d 2 aexp[— ua*a + via 2 + a* 2 ) 12 
vr J 



*\ 2 



+a(u — v)(a + a*)a 



Hence on carrying out the integration, we read- 
ily get 



(a 2 ) =a 2 + 



2{b 2 - 1)' 



(69) 



Moreover, following the same procedure, one 
can easily verify that 

(a) = a. (70) 

Now on account of Eq. (|67p along with 



(|69j) . and (|70|) . the quadrature variance of the 
superposed coherent and squeezed light turns 
out to be 



(Aa±) 2 = 2+ 



lib 



(71) 



We observe that the quadrature variance given 
by (|7ip is the sum of the quadrature variance 
of the coherent light and that of the squeezed 
light. 

One usually calculates the quadrature squeez- 
ing of a pair of superposed light beams relative 
to the quadrature variance of a single coherent 
light beam. But now this does not appear to be 
a correct procedure. We then assert that the 
quadrature squeezing of a pair of superposed 
light beams must be calculated relative to the 
quadrature variance of a pair of superposed co- 
herent light beams. Evidently, employing (|67p 
one easily finds the quadrature variance of a 
pair of superposed coherent light beams to be 
two. We see from Eq. ([7T]) that the squeezing of 
the superposed coherent and squeezed light oc- 
curs in the plus quadrature. We then define the 
quadrature squeezing of the superposed light by 

2 - (Aa+) 2 



S 

2 

and in view of ()T1 1) . we see that 

b 



S 



(72) 



(73) 



2(1 + 6)' 

This is just half of the quadrature squeezing of 
the squeezed light. 

Finally, we seek to determine the quadrature 
squeezing of the output light. We define the 
variance of the quadrature operators 



a out i a out 



(74) 



and 



xout 



K & Lt- & out), (75) 
for the superposed coherent and squeezed out- 
put light, by 

(Aof) 2 = 2k + (: a°£\ :), (76) 
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with 2k being the quadrature variance of a pair 
of superposed coherent output light. On ac- 
count of ([6T]) and ([66]) . one can put Eq. ([76]) 
in the form 

(Aaf) 2 = k(Acl±) 2 . (77) 

We now realize that the quadrature variance 
of the output light is just k times that of the 
cavity light. Moreover, we define the quadra- 
ture squeezing of the superposed coherent and 
squeezed output light by 

S- = 2 "-<f<"> 2 . (78) 
2k 

Hence on account of Eq. ([77]) , we see that 

S°* = 2 ~ ( ^ Q+)2 , (79) 

which is exactly the same as the result described 
by Eq. ([72]) . We then see that the quadrature 
squeezing of the output light is equal to that of 
the cavity light. 

4. Conclusion 

Our calculation of the mean photon number and 
quadrature variance of the superposed coher- 
ent and squeezed light, following a procedure of 
analysis based on combining the Hamiltonians 
and using the usual definition for the quadra- 
ture variance of superposed light beams, leads 
to physically unjustifiable mean photon number 
of the coherent light and quadrature variance of 
the superposed light. We have then determined 



both properties employing a procedure of anal- 
ysis based on superposing the Q functions and 
applying a slightly modified definition for the 
quadrature variance of a pair of superposed light 
beams. We have found the usual mean photon 
number of the coherent light and the quadra- 
ture variance turned out be, as expected, the 
sum of the quadrature variance of the coherent 
light and that of the squeezed light. In addition, 
our analysis shows that the quadrature squeez- 
ing of the output light is exactly same as that of 
the cavity light. It is also perhaps worth men- 
tioning that the presence of the coherent light 
leads to an increase in the mean photon number 
and to a decrease in the quadrature squeezing. 
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